We establish several new topological generation results for the quantum permutation groups S + N and the quantum reflection groups H s+ N . We use these results to show that these quantum groups admit sufficiently many "matrix models". In particular, all of these quantum groups have residually finite discrete duals (and are, in particular, hyperlinear), and certain "flat" matrix models for S + N are inner faithful.
Introduction
The central objects of study in this paper are quantum permutations and their generalizations, quantum reflections. Given N ∈ N and an Hilbert space H, an N × N matrix P = [P ij ] 1≤i,j≤N ∈ M N (B(H)) (B(H) being the C * -algebra of bounded linear operators on H) is called a quantum permutation matrix (or magic unitary) if its entries P ij are self-adjoint projections satisfying the relations i P ij = 1 B(H) = j P ij for each 1 ≤ i, j ≤ N .
The simplest examples of quantum permutation matrices are of course the classical permutation matrices (which correspond to those quantum permutations P associated to a one-dimensional Hilbert space H). In fact, more generally any quantum permutation P with commuting entries {P ij } i,j corresponds to a subset X ⊆ S N of permutation matrices. Indeed, in this case the commutative C * -algebra C * ({P ij } i,j ) generated by the P ij 's is by Gelfand duality isomorphic to C(X), the C * -algebra of complex functions on some subset X ⊆ S N . In particular P is identified this way with the identity function on X ⊂ S N ⊂ M N (C). On the other hand, if one now considers quantum permutations P whose entries do not commute, the structure of these objects becomes much less well-understood. From an operator algebraic point of view, this should come as no surprise, as the C * -algebras C * (P ij | 1 ≤ i, j ≤ N ) ⊂ B(H) generated by the entries of a quantum permutation matrix P with non-commuting entries can be highly non-trivial (e.g., can contain the free group C * -algebras as quotients [46] ). Nonetheless, such "genuinely quantum" quantum permutations arise naturally in a variety of contexts. For example, in quantum information theory, quantum permutation matrices arise naturally in the framework of non-local games and go under the name "projective permutation matrices" [4, 36, 34, 35] . From the perspective of non-commutative geometry and quantum group theory, N × N quantum permutation matrices were discovered by Wang [46] to be precisely the structure that encode the quantum symmetries of a finite set of N points. More precisely, Wang considered the universal unital C * -algebra
generated by the coefficients of a "universal" N × N quantum permutation matrix. Wang then showed that there exists a compact quantum group, S + N , acting universally and faithfully on the set of N points in such a way that A gets identified with the C * -algebra C(S + N ) of "continuous functions" on the "quantum space" S + N . The quantum group S + N is called the quantum permutation group or quantum symmetry group of N points. In contrast to its classical counterpart, S + N (or more precisely A = C(S + N )) is a highly non-commutative and infinite-dimensional object. It is one of our main goals in this paper is to investigate to what extent the quantum permutation groups S + N (and the quantum reflection groups) can be approximated by elementary finite-dimensional structures. We elaborate briefly on this now. C * -algebraic compact quantum groups as introduced in [48] form the basis of what by now is a rich theory, developing rapidly in a number of different directions. As indicated above, the perspective we adopt in this paper is that the Hopf (C * -)algebras studied in [48, 49, 50] play the role of function algebras on a "compact quantum space" G which is equipped with a group structure, and can equivalently be viewed as the complex group algebras of the Pontryagin dual "discrete quantum group" Γ. To keep matters simple, throughout this introduction we write CΓ for the group algebra of a discrete quantum group Γ (see Section 2 below for details).
One aspect of the theory of discrete quantum groups that presents itself naturally from this point of view is that of approximation properties. This typically refers to the "accessibility" of the quantum group (or its associated algebras) via finite structures of some type. The phrase 'finite structure' is purposely vague, and lends itself to a variety of interpretations, for example:
• The Haagerup approximation property of Γ corresponds to the point-norm approximation of the identity map on the reduced C * -algebra C * r (Γ) by certain well-behaved L 2 -compact, contractive completely positive maps [26] .
• The weak amenbility of Γ corresponds to the point-norm approximation of the identity map on the reduced C * -algebra C * r (Γ) by certain well-behaved finite rank, uniformly bounded completely bounded maps.
The above are only a few scattered examples, as we cannot possibly do justice to the vast literature here. We refer to the survey [21] and its sources for a more expansive discussion on approximation properties for discrete (in fact locally compact) quantum groups. The above list (and all those considered in [21] ) can be thought of as instances internal approximation of a quantum group by finite structures, since all the above approximating maps are from a given object to itself. In (quantum) group theory there are of course approximation properties which have an external flavor in the sense that one approximates a given large object by mapping it into smaller auxilliary objects. For example,
• A Kac type discrete quantum group Γ is hyperlinear if its quantum group von Neumann algebra L(Γ) admits-finite dimensional matrix models relative to its Haar trace [22] .
• A Kac type discrete quantum group Γ has the Kirchberg factorization property if there is a net ϕ k : C * (Γ) → M n(k) (C) of contractive completely positive maps which are asymptotically trace-norm multiplicative and satisfy h = lim k tr n(k) • ϕ k pointwise, where h is the Haar trace and tr n(k) is the normalized matrix trace.
• A (finitely generated) discrete quantum group Γ is residually finite if the points of CΓ are separated by its finite-dimensional * -representations [24, 16] .
• A stronger form of residual finiteness of interest for us is the existence of a faithful or inner faithful matrix model π : CΓ → M N (C(X)) for some compact Hausdorff X [9, 11, 12, 7] ; we will have more to say about this concept below.
It is the above list of external approximation properties that we are interested in establishing for (the duals of) Wang's quantum permutation groups S + N and their generalizations H s+ N (the so-called quantum reflection groups [13] ). We recall some of the details in the preparatory Section 2 below, and for now content ourselves to only remind the reader that H s+ N is a quantum version of the classical subgroup H s N ⊂ GL N consisting of N × N monomial matrices whose non-zero entries are s th roots of unity (so in particular H 1 N ∼ = S N , the symmetric group on N symbols).
The non-commutative topology of H s+ N as a compact quantum group plays a central role in our study of finiteness and approximation properties for their discrete duals H s+ N , and hence the types of results proven in the paper. We elaborate briefly: Let G be a compact quantum group and let G i < G be a family of closed quantum subgroups of G. The condition that G i topologically generate G was introduced in [22, Definition 4] for a pair of subgroups, but generalizes readily to arbitrary families. In that paper, topological generation is used in the same fashion we do here: as a tool for lifting finiteness properties from the duals Γ i = G i to Γ = G. For that reason, we prove a number of topological generation results (Theorems 3.3 and 3.12) that can be summarized as:
Theorem For all 1 ≤ s ≤ ∞ and N ≥ 6, the quantum reflection group H s+ N is topologically generated by its quantum subgroups S N and H s+ N −1 . For s = 1 the result also holds for N = 5.
This fits into a recurring pattern of topological generation results for infinite families of compact quantum groups. For instance, [24, Lemma 3.12] says in different terms that for N ≥ 5 the quantum unitary group U + N is topologically generated by its quantum subgroup S 1 × U + N −1 (product in the category of compact quantum groups, dual to the coproduct C(S 1 ) * C(U + N −1 ) of C * -algebras) and the classical unitary subgroup U N < U + N . As for residual finiteness results, we use these topological generation results to prove (see Theorems 3.6 and 3.11):
Theorem For N ≥ 4 and 1 ≤ s ≤ ∞ the discrete duals H s+ N of the quantum reflection groups are residually finite.
Here too there are precedents for other families: [24] treats the discrete duals of free unitary and orthogonal quantum groups.
We regard the above theorem as one of the main results of the paper, but it has a number of powerful consequences, including the hyperlinearity and Kirchberg factorization property for the selfsame discrete quantum groups [16] , as well as improved estimates for the free entropy dimension of the generators of the associated von Neumann algebras L ∞ (H s+ N ) -see Section 3.4. At this point it is worth highlighting that although our strategy for proving residual finiteness results for the quantum groups H s+ N (by means of inductive topological generation methods) is the same as that used in prior works, there is one critical difference here. Unlike in the case of the free unitary/free orthogonal quantum groups which rely on the existence of "large" smoooth Lie subgroups (namely U N and O N , respectively), the quantum reflection groups only admit finite classical subgroups. This difference turns out to be a fundamental obstruction to a straightforward extension of the inductive arguments of [24, 22] . To bypass this issue, we make essential use of a recent remarkable result of Banica [5, Theorem 7.10] which establishes that there is no intermediate quantum subgroup for the inclusion S 5 < S + 5 . The maximality of the inclusion S N < S + N is widely conjectured to be true for all N , and the case N = 5 solved by Banica in [5] represents a major advancement on this conjecture. It is also interesting to note that Banica's proof of the maximality of the inclusion S 5 < S + 5 is based on a reduction of this problem to the seemingly different problem of classifying II 1 -subfactors at index 5. This latter problem, however, has recently been solved [28, 27] . The authors find this connection to the classification of subfactors highly intriguing.
The other major set of results in this paper pertains to the quantum permutation groups S + N . In this case it turns out that we can say quite a lot more at the level of finite-dimensional representations.
While our residual finiteness results ensure the existence of enough finite-dimensional * -representations to separate points in the group algebras A(S 
is asymptotically faithful in the sense that k ker π k = {0} [39] . In the above, ∆ :
In particular, this means that A(S + N ) faithfully embeds into a C * -ultraproduct of the sequence of algebras (B ⊗k ) k∈N . One particular "minimal " representation of A(S + N ) that has been conjectured to be inner faithful is Banica's universal flat representation [12, 7] . This particular representation takes the form
is the compact space of all N ×N bistochastic matrices P = (P ij ) i,j whose entries are rank-one projections in P ij ∈ M N (C). In this paper, we use modifications of our topological generation results to verify the conjectured inner faithfulness of the representation π for almost all values of N (cf. Corollary 4.9).
Theorem For all N ≤ 5 and N ≥ 10, the universal flat matric model π :
Piggybacking on the proof of this result, we are able to moreover show that one can reduce the base space X N to only contain at most 3 points and still achieve an inner faithful finite-dimensional representation. In other words, we have (cf. It is an artifact of our proof that we are unable to settle the cases N ∈ [6, 9] in the above theorems. Our arguments rely heavily on our topological generation results for S + N together with the crucial result of Banica [5] stating that the inclusion S 5 < S + 5 is maximal. The remainder of the paper is organized as follows. Section 2 gathers a number of prerequisites to be used later. In Section 3 we prove some of the main results, Theorems 3.6 and 3.11, to the effect that the discrete Pontryagin duals of the quantum reflection groups are residually finite. This then also implies that they are hyperlinear and have the Kirchberg factorization property. The proofs rely in large part on an inductive argument, turning on the fact that quantum permutation groups S + N are topologically generated by their quantum subgroups S N and S + N −1 (Theorem 3.3). We also prove a similar result for quantum reflection groups in Theorem 3.12; though strictly speaking not needed for residual finiteness of the quantum reflection groups, it might nevertheless be of some independent interest.
In the final section 4, we study inner faithful representations of Hopf * -algebras and prove that the universal flat representations are inner faithful for N ≤ 5 and N ≥ 10. In subsection §4.2 we prove Theorem 4.11, confirming that for sufficiently large N the duals A(S + N ) admit finitedimensional inner faithful representations.
(minimal tensor product) such that
As is customary, we regard C(G) as the algebra of continuous functions on the fictitious "compact quantum space" G. For this reason, the category of compact quantum groups is dual to that of C * -algebras as in Definition 2.1.
For a compact quantum group G we denote the unique dense Hopf * -subalgebra of C(G) by A(G); it can be regarded alternatively as the complex group algebra C G of the discrete quantum group G whose Pontryagin dual is G, for which reason we might occasionally revert to that alternative notation for it. It is often also rendered as Pol(G) or O(G) in the literature.
The C*-algebra C(G) is equipped with a unique state h : C(G) → C (its Haar state) that is left and right-invariant in the sense that the diagram
and the analogous mirror diagram (obtained by substituting id ⊗ h for the upper right hand arrow) both commute. We will also occasionally refer to the quantum group von Neumann algebra L ∞ (G), which is by definition the von Neumann algebra generated by the GNS representation of C(G) associated to h. Often in the literature the von Neumann algebra L ∞ (G) is written as L( G) in view of it being a generalization of the von Neumann algebra generated by the left-regular representation of a discrete group.
Definition 2.2 A representation of the compact quantum group G is a finite-dimensional comodule over the Hopf * -algebra A(G). We write Rep(G) for the category of representations of G.
We refer to [38] for the relatively small amount of background needed here on comodules over coalgebras or Hopf algebras. Definition 2.3 Given two compact quantum groups H and G, we say that H is a (closed) quantum subgroup of G if there exists a surjective Hopf * -algebra morphism π : A(G) → A(H). In this case, we write H < G.
Note that if H < G as above and V is a G-comodule, then V automatically becomes a Hcomodule in a natural way. Indeed if α : V → V ⊗ A(G) is the associated corepresentation defining the comodule V and π : A(G) → A(H) is the surjective Hopf * -morphism from above, then V becomes an H-comodule via the corepresentation (id ⊗π)α : V → V ⊗ A(H). This "restriction" of representations of G to representations of H, induces, at the level of Hom-spaces, natural inclusions
for any pair of G comodules V, W .
Quantum reflection groups
Quantum reflection groups were introduced in [13, Definition 1.3] based on earlier work done in [6] . Following the former reference we denote them by H s+ N .
Definition 2.4 Let N ≥ 2 and 1 ≤ s ≤ ∞.
The underlying Hopf * -algebra A = A(H s+ N ) of the quantum reflection group H s+ N is generated as a * -algebra by N 2 normal elements u ij , 1 ≤ i, j ≤ N such that
• the matrices u = (u ij ) i,j and u t = (u ji ) i,j are both unitary in M N (A);
with the last relation absent when s = ∞. The coproduct ∆ : A → A ⊗ A is determined by
The quantum groups H Also for future use, we briefly recall some background on the representation theory of the quantum groups H s+ N from [13] . Let F s be the free monoid on the symbols in Z s (understood as Z when s = ∞), equipped with the following operations:
• The fusion binary operation '·' defined by
Then, according to [13, Theorem 7.3] , the Grothendieck ring R s of the category of finitedimensional representations of H s+ N has a basis {x f } over Z indexed by f ∈ F s , and the multiplication resulting from the tensor product
We remark that [13, Theorem 7.3] is not clearly stated in this manner for s = ∞, but the proof goes through essentially unchanged for both finite and infinite s. A more general argument can be found in [32] .
Restriction via the inclusion H s+ N < H st+ N induces a ring morphism R st → R s sending the generator x 1 , 1 ∈ Z st to x 1 , 1 ∈ Z s . In particular, we have
is an embedding, where the directed inverse limit is taken over the positive integers ordered by division: s ≤ st.
Finiteness properties and topological generation
The following is a combination of [22, Definition 2] and [16, Definition 1.12].
Definition 2.7 A discrete quantum group G is finitely generated if C G is finitely generated as an algebra. If G is finitely generated then we say it is residually finite if C G embeds as a * -algebra into a (possibly infinite) direct product of matrix algebras. Moreover, G is said to have the Connes embedding property (or is Connes-embeddable or hyperlinear) if it is of Kac type and the von Neumann algebra (L ∞ (G) admits a Haar state-preserving embedding into the ultrapower R ω of the hyperfinite II 1 -factor. We also recall from [22, Definition 4 ] the notion of topological generation for compact quantum groups: Definition 2.9 A family of compact quantum subgroups (G i < G) i∈I topologically generate G if, for every pair of representations V , W of G, the natural inclusion map
is an isomorphism. In this case, we write G = G i i∈I
We will need the following alternative description of topological generation, which is almost immediate given Definition 2.9; see also [22, Proposition 3.5].
Lemma 2.10 A family of quantum subgroups (G i < G) i∈I topologically generates G if and only if for every G-representation V a map f : V → C that is a morphism over every G i is a morphism over G (i.e., f ∈ ∩ i∈I hom G i (V, C) =⇒ f ∈ hom G (V, C)). Equivalently, it suffices to check this for all irreducible representations V .
In particular, we have the following sufficient criterion for topological generation: Corollary 2.11 Let (G i < G) i∈I be a family of quantum subgroups of a compact quantum group and assume that for every irreducible non-trivial G-representation V there is some i such that the restriction of V to G i contains no trivial summands.
Then, G is topologically generated by the G i .
Proof This follows from Lemma 2.10: a morphism f : V → C of representations witnesses an embedding of the trivial representation into V , and the hypothesis ensures that a non-trivial irreducible V ∈ Rep(G) retains the property of having no trivial summands over G i for some i, meaning that
Topological generation appears under a different name in [24, §2] . Rephrasing Corollary 2.16 therein more appropriately for our setting yields Lemma 2.12 A finitely generated discrete quantum group G is residually finite if and only if its dual G is topologically generated by a family of subgroups G i < G with residually finite G i . 
Recall the embeddings H

Residual finite-dimensionality
We focus here on * -algebras satisfying the condition required of C G in Definition 2.7: Definition 2.14 A * -algebra A is residually finite-dimensional or RFD if it embeds as a * -algebra in a product of matrix algebras.
Remark 2.15
The notion is used frequently in the context of C * -algebras, but here we are interested in the purely * -algebraic version.
We gather a number of general observations on the RFD property for later use. First, since residual finite-dimensionality obviously passes to * -subalgebras, we will need to know that certain natural morphisms between free products with amalgamation (or pushouts, as we will also refer to them) are embeddings. The following result is likely well known, but we include it here for completeness. 
and similarly for the B side of the diagram. According to [15, Corollary 8.1 ] the pushout A * D B decomposes as a direct sum of tensor products of the form
in the category of D-bimodules. The analogous decomposition holds for A ′ * D B ′ , and due to (1) the tensor product (2) is a summand in its counterpart
The conclusion that A * D B → A ′ * D B ′ is an embedding follows.
There are analogues of this in the C * -algebra literature: see e.g. We now turn to the technical result of this section, which will be needed later on.
Proposition 2.18
If A is an RFD * -algebra and D ⊂ A is a finite-dimensional commutative C * -subalgebra then A * D A is RFD.
Before going into the proof we treat a particular case. In other words, we want to argue that A * D A admits a faithful representation on some Hilbert space. This, however, is precisely what we constructed above in the discussion preceding the proof: the Hilbert space direct sum of T i for i ranging over words on {ℓ, r} with no repeating consecutive letters is such a representation. Proof of Proposition 2.18 The RFD condition implies that there is an embedding A → i∈I M n i for an index set I (or arbitrary cardinality). By Corollary 2.17, it thus suffices to assume that A is such a product of matrix algebras to begin with. We therefore make this assumption throughout the rest of the proof.
We first appeal once more to [15, Corollary 8 .1] to conclude that since the embedding D → A splits as
where T i are chosen from among the two copies of A 1 . An arbitrary element in A * D A can thus be expressed as a sum of elements of finitely many tensor products as in (3) . It follows that if x is non-zero then it maps to a non-zero element of a pushout B * D B through some projection
for a finite subset F ⊆ I. In conclusion, it will be enough to further assume that A is a finite product of matrix algebras, i.e. a finite-dimensional C * -algebra. This is Lemma 2.19, hence the conclusion. We conclude this section with one more proposition which will have direct application in the next section to the residual finiteness of the duals of quantum reflection groups.
Proposition 2.22 Let B be an RFD * -algebra, D ⊂ B a finite-dimensional commutative C * -subalgebra, and C a finite-dimensional C * -algebra. Then,
is RFD.
Proof The algebra in question is isomorphic to the pushout In turn, this follows from Proposition 2.18 and the simple observation that tensor products of RFD * -algebras are RFD.
Topological generation and residual finiteness
Our first goal in this section is to treat the case of quantum permutation groups. Before getting to the main results, we first recall some basic facts about the description of the invariant theory for S + N in terms of non-crossing partitions [10] . . Now let V be an N -dimensional Hilbert space with distinguished orthonormal basis e j , 1 ≤ j ≤ N . Given k, l ∈ N 0 and p ∈ N C(k + l), we form the linear map
Non-crossing partition maps
where ij :
is the concatenation of i and j. We call such linear maps non-crossing partition maps. The fundamental result that will be of use to us here is the following description of S + N invariants in terms of these non-crossing partition maps.
Theorem 3.2 ([10])
For each k, l ∈ N 0 , N ∈ N we have linear isomorphisms
Quantum permutation groups
Let V = span(e i ) N i=1 be as above, regarded as the fundamental representation of S + N . We regard S + N −1 as also acting on V via its fundamental representation on the (N − 1)-dimensional subspace V N spanned by e i , 1 ≤ i ≤ N − 1, and via the trivial representation on the orthogonal complement Ce N . In this way, we regard S + N −1 < S + N . For future reference, we denote by V i the subspace of V spanned by all e j , j = i, and by W i the span of e i alone.
Our first main result in this section reads as follows. Once more, the S N -invariance ensures that the restriction of f to V ⊗k i ⊂ V ⊗k vanishes for every 1 ≤ i ≤ N . What we have to show, however, is that it also vanishes on summands of V ⊗k obtained by tensoring some copies of V N with some copies of W N . To simplify notation and fix ideas, we will show that the restriction of f to, say,
vanishes. The general case is perfectly analogous, with only notational difficulties making the presentation more cumbersome.
As the action of the original copy of S As a consequence of the above we have Theorem 3.6 The discrete duals S + N of the free quantum permutation groups are residually finite.
Proof By Lemma 2.12 and theorem 3.3 we can proceed inductively once we know that • S N is residually finite (the group algebra is finite-dimensional);
• S Since, as observed in Remark 2.8, hyperlinearity and the Kirchberg factorization property are weaker than residual finiteness, we also have T . We will be somewhat vague on which partitions to use; sometimes we need to refer to arbitrary ones, but when we do not, the reader can simply assume the partition is
corresponding to the upper left-hand corner embedding
corresponding to action of S + M on V = span{e 1 , . . . , e N } which fixes e M +1 , . . . , e M +T . We now come to a critical notion. 
so as to make its lower path one-to-one. 
with restriction being the left adjoint to induction. These remarks will recur below. Proof Throughout the proof we will fix a basis {e i } for the N -dimensional carrier space V of the defining representation of S + N , and assume that the upper left hand arrow in (5) is the standard one corresponding to the partition (4). The proof will be very similar to the that of Proposition 3.5: we fix a map f : V ⊗k → C that is a morphism both over S N < S + N and G and seek to show that f is also an S + N -morphism. Decompose V = V 1 ⊕ V 2 where
The tensor power V ⊗k then decomposes as
with summands ranging over all tuples i = (i j ), i j ∈ {1, 2}. The summand V = 0. The goal now is to show that in fact f = 0 globally (i.e. on the entirety of V ⊗k ). We do this iteratively, proving by the following t-dependent claim by induction on t:
Claim(t): The restriction of f to any summand of the type
is zero. The base case t = 0 of the induction is in place (claiming simply that f | V ⊗k 1 = 0, which we know). We now turn to the induction step, assuming Claim(s) for all s ≤ t − 1 and seeking to prove Claim(t). In order to lessen the notational load of the argument we will focus on V
(i.e. we assume the last t indices in (7) are 2).
Equivalently, we have to show that f is zero on
To do this, first note that because V 2 is self-dual over S + M * S + T , hence also over its quantum subgroup G, the G-morphisms V
Since moreover V 1 is the induction of the corresponding S + M -representation, the adjunction (6) reads
embeds into some tensor power V ⊗s 1 , and hence elements in the right hand side of (8) are spanned by non-crossing partitions of [s + k − t]. Since non-crossing partitions are linearly independent on spaces of dimension ≥ 4, morphisms in (8) vanish if they do so when restricted to
In our setting, what this means is that it is enough to prove that f vanishes on
through a the permutation of the e i interchanging e M and e j . Since f is an S N -morphism, Claim(t − 1) now implies that f vanishes on (V
Similarly, f vanishes on the other summands of (9) resulting from the decomposition V 2 = V ′ 2 ⊕ Ce j by the other instances Claim(s), s ≤ t − 2 and this concludes the proof.
Quantum reflection groups
We now turn to the quantum reflection groups H (2)] that we have a free wreath product decomposition
where the right hand side is by definition the free * -algebra generated by A and n copies of C(Z s ) with the constraint that the i th copy of C(Z s ) commutes with the i th row of generators u ij , 1 ≤ j ≤ N of A. It follows that A s can be realized as a succession of extensions of the form
for a commutative finite-dimensional * -subalgebra D ⊂ B. More concretely, the various algebras D are the N -dimensional subalgebras of A generated by a row u ij , 1 ≤ j ≤ N of generators. The residual finite-dimensionality of A s then follows inductively from Proposition 2.22.
is topologically generated by all of the finite H s+ N embedded therein (by Lemma 2.13), the conclusion follows from Lemma 2.12.
While the proof given above for Theorem 3.11 does not proceed inductively on N or require topological generation, there is nevertheless an analogue of Theorem 3.3 for quantum reflection groups that we record here. Just as we did for quantum permutation groups, we regard H Proof We once more separate the finite and infinite-s cases.
(1: finite s) This follows from a slight adaptation of Proposition 3.5, modified as follows based on the representation theory of H s+ N as developed in [13, . Instead of a single n-dimensional fundamental representation V we have s of them, labeled V (i) for i ∈ Z s . As for morphisms, f :
is H s+ N -invariant precisely when it is a linear combination of non-crossing partitions whose blocks are of the form {i a 1 , · · · , i at },
The argument in the proof of Proposition 3.5 then goes through virtually unchanged. Remark 3.13 Note the bound on N : unlike Theorem 3.3, Theorem 3.12 does not apply to N = 5 hence does not yield an inductive proof of residual finite-dimensionality; we do not know whether the result is still valid in that case, but believe it to be.
Remarks on free entropy dimension
In this section we make some brief remarks on what is currently known about the free entropy dimension of the canonical generators of the finite von Neumann algebras L ∞ (H s+ N ). We refer the reader to the survey [44] and the references therein for details on the various versions of free entropy dimension that exist.
Fix N ∈ N and s ∈ N ∪ {∞} and consider the self-adjoint family
. Associated to the sets X(N, s) we have the (modified) microstates free entropy dimension δ 0 (X(N, s)) ∈ [0, n] and the non-microstates free entropy dimension δ * (X(N, s)) ∈ [0, n]. From [18] it is known that the general inquality δ 0 (·) ≤ δ * (·) always holds, and from [25] an upper bound for δ * exists in terms of the L 2 -Betti numbers of the discrete dual quantum groups H s+ N :
Here β (2) k (·) is the kth L 2 -Betti number of a discerete quantum group. See for example [41, 31, 19] . Now, in [31, Theorem 5 .2], we have the following computations [20, 32, 45] . Combing all the above inequalities together, we finally obtain Corollary 3.14 For N ≥ 8 and s ∈ N ∪ {∞}, we have
In particular, the generators 4 Inner faithful matrix models for quantum permutation groups Note that the Hopf image always exists and is unique (up to isomorphism) [9] . In this paper, we will only be concerned with the cases where our Hopf * -algebras are of the form A(G) for a compact quantum group G. In this case, the Hopf image of π : A(G) → B is A(H), where H < G is the "smallest" quantum subgroup such that π factors through ρ : A(G) → A(H). Moreover, π is inner faithful if and only if H = G (up to isomorphism).
Flat matrix models
Following [12, Definition 5.1], we denote by X N the space of N × N matrices P = (P ij ) ij ∈ M N (M N (C)), whose entries P ij ∈ M N (C), are rank-one projections with the property that for all 1 ≤ i, j ≤ N ,
It is clear that each P ∈ X N gives rise to a * -homomorphism
and we call π P a flat matrix model for the quantum group S + N . If we package all these flat matrix models π P into one single representation by allowing P ∈ X N to vary, we arrive at a construction that features prominently in [12, 7] . 
One of the main conjectures in [12] is the inner faithfulness of the universal flat matrix models. for compact X (in fact X = SU 2 ), which must factor as
by universality.
The main result of this section is that this conjecture is true for at least almost all N . To begin, we first need a few remarks and observations. Consider the closed subspace X class N ⊂ X N of matrices P ∈ X N for which the entries P ij pairwise commute. Then, the classical permutation group S N also has a universal flat matrix model π class : 
We can then form the bistochastic and commutative matrix whose (i, j) entry is the projection on the one-dimensional span of e L ij , and then modify it slightly by changing its upper left hand 2 × 2 corner to
where u = e 1 + e 2 and v = e 1 − e 2 . The resulting bistochastic matrix contains, say, the projections P u and P e 1 , which do not commute. It remains to argue that a Latin square L as above exists if N ≥ 4 (we have not used this hypothesis thus far). To see this observe that for N ≥ 4 we can complete the square (12) to a 2 × n Latin rectangle, in the sense that the two rows are permutations of {1, · · · , N } and no two entries in the same column coincide. We can then use the result that any Latin rectangle can be completed to a Latin square (e.g. Proof Let π, π class , r, q be as above and assume N = 5. Let I be a Hopf * -ideal contained in ker(π) and observe that π class (q(I)) = r • π(I) = 0. Since π class is inner faithful (see e.g., [7, Proposition 5.3] ), this forces q(I) = (0), i.e. I ⊂ ker(q). But because there is no intermediate quantum group between S 5 and S + 5 by [5, Theorem 7.10], it follows that either I = (0) or I = ker(q). In the second case we get π = π class • q = r • π.
In particular, this implies that any family (P ij ) 1 i,j N of rank-one projections which are pairwise orthogonal on rows and columns commutes, i.e. X N = X class N . This equality, however, is invalid for N 4 by Lemma 4.5.
Remark 4.7 In fact, the proof of Proposition 4.6 shows that Conjecture 4.3 is satisfied whenever the inclusion S N < S + N is maximal.
We are now ready for the main technical result of this section. Proof Let A = A(S + N ). We have to argue that under the hypothesis, the Hopf image A → A π of (11) is all of A. Since the quantum group attached to A π clearly contains S N , Proposition 3.10 reduces the problem to showing that it also contains a quantum subgroup G < S + N that is (M, N )-large in the sense of Definition 3.8.
For this, fix a collection of rank-one projections P i , 0 ≤ i ≤ N − 1 in M N summing up to 1. We form an N × N Latin square (L ij ) 0≤i,j≤N −1 all of whose entries are the projections P i as follows:
• if i, j ≤ M − 1 we set L ij = P (i−j) mod M ;
• we fill the rest of the first M rows with P i 's arbitrarily so as to retain the Latin rectangle property (this is possible because 2M ≤ N );
• complete the above Latin rectangle to a Latin square, once more using Proof As explained above, we already know the conjecture to hold in the cases N ≤ 4. For the remaining cases , it is enough to prove that S 
Inner unitary Hopf * -algebras
Corollary 4.9 shows that the universal flat matrix model is inner faithful for most quantum permutation groups. In this final section we show that we can do even better: it turns out that for the same values of the parameter N a single finite-dimensional representation suffices to achieve inner faithfulness. We first recall the relevant concept from [2, Definition 5.1]. Definition 4.10 A Hopf * -algebra A is inner unitary if it has an inner faithful * -homomorphism into a finite-dimensional C * -algebra.
The main result of this subsection is the following improvement on Corollary 4.9. 
